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It is known that scalar hyperbolic conservation laws with source term and peri-
odic initial value have a property of Poincare Bendixson type, namely the solutions
converge either to a constant state or to a periodic traveling wave, which is
necessarily discontinuous. In this paper we show that generically (with respect to
the L1 topology) the solutions exhibit a behaviour of the former type. We also show
that, while the rate of convergence to a constant state is exponential, the con-
vergence to a traveling wave can be arbitrarily slow.  1997 Academic Press
1. INTRODUCTION
In recent years various authors have studied the asymptotic behaviour of
solutions of the Cauchy problem for the quasilinear first order equation
t u(x, t)+x f (u(x, t))=g(u(x, t)), x # R, t0, (1.1)
where f is convex and the initial value
u(x, 0)=u0(x), x # R (1.2)
is assumed to be periodic. For such an equation the following result holds
(see Fan and Hale [3], Lyberopoulos [10], and Sinestrari [13]), which is
analogous to the Poincare Bendixson theorem for planar dynamical
systems.
Theorem 1.1. Any bounded solution of problem (1.1)(1.2) converges, as
t  , either to a zero of g, or to a periodic discontinuous traveling wave.
Fan and Hale [4] have also shown that the global attractor of the
equation consists of orbits connecting either two constant states, or two
traveling waves, or a constant state to a traveling wave or vice versa.
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We recall that similar results have been proved to hold (see Angenent
and Fiedler [1], Matano [11], Fiedler and Mallet-Paret [5]) for the reac-
tion diffusion equation
t u(x, t)+x f (u(x, t))==xxu(x, t)+g(u(x, t)), x # R, t0. (1.3)
It is known (see e.g., Kruzhkov [7]) that the solution of problem
(1.3)(1.2) tends to the solution of (1.1)(1.2) as =  0. It would be interest-
ing to know whether there is also convergence (in the Hausdorff sense) of
the global attractor of the equation. Some partial results of this kind have
been obtained in [4].
While Theorem 1.1 completely characterizes the possible behaviour of
the solutions of (1.1), there remains the question of whether, given an
initial value, the corresponding solution converges to a constant state or to
a traveling wave. There is a special case where the answer is simple, and
this is when the source term is linear, i.e., g(u)=u. With this choice of g,
if we call I(t) the mean of u( } , t) over a period, we have I(t)=I(0)et for
any t0. Exploiting this property, it can be shown (see Lyberopoulos [9])
that the initial data for which the solution tends to a traveling wave are
exactly those with mean zero (except for the case u0#0); in all other cases
the solution diverges to + or &.
For a general g no such characterization is available. However, this
example suggests that the convergence to a periodic traveling wave is a
property which is not preserved under small perturbations of the initial
value. In addition, in the case of the parabolic equation (1.3) it is known
that periodic orbits are unstable. More generally, this property holds for
the so-called strictly monotone dynamical systems (see e.g., Hirsch [6]).
We remark that equation (1.1) also enjoys a monotonicity property, even
if not strong enough to guarantee that the associated dynamical system
belongs to that class.
In this paper we put the above considerations in a precise form and
prove that the convergence of the solution to a traveling wave is a non-
generic property. In fact, we show that there is convergence to a constant
state for an open and dense set of initial data (in the L1 topology). There-
fore, if we have a solution converging to a traveling wave, we can obtain
a solution which tends to a zero of g by a small perturbation of the initial
value. Such a perturbation is given explicitly.
We also study the rate of convergence of the solutions of (1.1) to their
asymptotic profile. We recall that in the case g#0 a well-known result of
Lax [8] asserts
&u( } , t)&I(0)&
C
t
, t>0.
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A peculiarity of this estimate is that the constant C does not depend on the
initial data of the equation. The natural question arises of how the rate of
convergence is altered by the presence of the source. Here we prove the
following results (assuming that the zeros of g are simple). When the solu-
tion of problem (1.1)(1.2) converges to some constant state u the rate of
convergence is exponential, i.e., we have
&u( } , t)&u &Ce&:t, t>0,
for some C, :>0. However, the constant C is no longer independent of the
initial data. On the other hand, the convergence to a traveling wave can be
arbitrarily slow. More precisely, we prove that, given any decreasing func-
tion \: R+  R+ with \(t)  0 as t  , there exists a solution of (1.1)
converging in L1 to a traveling wave with a rate slower than \. This result
holds provided traveling wave solutions exist, and this is true whenever
there is at least one zero of g where the derivative of g is positive.
The paper is organized as follows. After recalling some basic properties
in Section 2, in Section 3 we prove that solutions of (1.1) which are close
to a continuous function enjoy an L-stability property (see Corollary 3.5).
Section 4 contains the results concerning the generic convergence of solu-
tions to a constant state (see Corollary 4.11). An important role in the
proof is played by the comparison principle, by the estimate proved in Sec-
tion 3 and by the theory of generalized characteristics of Dafermos [2],
which provides a relation between the oscillations of the initial value and
the shape of the asymptotic profile of the solutions. Finally, in Section 5 we
discuss the rate of convergence to the asymptotic profile.
2. PROPERTY OF ENTROPY SOLUTIONS
Let BVL(R) denote the space of functions defined on the real line which
are locally of bounded variation and are L-periodic for some given con-
stant L>0. We study the Cauchy problem (1.1)(1.2) under the following
assumptions:
(A1). f # C2(R), f $ is strictly increasing;
(A2). g # C1(R), g$ is bounded from above by some constant kg ;
(A3). u0 # BVL(R).
It is well known that such problem does not have in general global
classical solutions, regardless of the smoothness of the data. On the other
hand, solutions in the distributional sense may not be unique. This has
motivated the following definition.
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Definition 2.1. We say that u # Lloc(R_R+) & C(R+ , L
1
loc(R)) is a
solution of our problem if it satisfies (1.1)(1.2) in the sense of distribu-
tions, if u( } , t) # BVloc(R) for every t and if the entropy condition
u(x+, t)u(x&, t) (2.1)
holds for all x # R, t>0 (where u(x+, t), u(x&, t) denote the one-sided
limits of u( } , t)).
With this notion of solution our problem is well posed, as it is shown by
the following theorem (see [7]).
Theorem 2.2. Let assumptions (A1)(A3) hold. Then there exists a
unique solution of problem (1.1)(1.2). In addition, the solution depends
monotonically and continuously on the initial value, namely
(i) given initial values u0 , w0 # BVL(R) such that u0w0 a.e., the
corresponding solutions u, w of (1.1) satisfy uw a.e. in R_R+;
(ii) given initial values u0 , w0 # BVL(R), the corresponding solutions
satisfy
&u( } , t)&w( } , t)&L 1([0, L])ek gt &u0&w0 &L 1([0, L]) \t0.
We assume from now on that our solution is normalized in such a way
that it is continuous from the left, i.e., u(x, t)=u(x&, t), x # R, t0. Then
the statement (i) of the previous theorem holds on the whole space and
not only almost everywhere. We remark that, since we start with periodic
data and our equation is translationinvariant, the solution u( } , t) is also
periodic for any t>0.
For any v # R, let us denote by U(v, } ) the solution of
{U$(s)=g(U(s))U(0)=v. (2.2)
A useful estimate, which follows from Theorem 2.2(i), is
U(m0 , t)u(x, t)U(M0 , t) x # R, t0, (2.3)
where we have set m0=inf u0 , M0=sup u0 . More generally, if we define
m(t)=inf u( } , t), M(t)=sup u( } , t) we have, by the semigroup property of
our equation,
U(m(s), t&s)u(x, t)U(M(s), t&s), (2.4)
for any x, s, t with 0st.
We also recall the following result (see e.g., [13]).
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Proposition 2.3. Given t>0 and x1<x2 such that u(x2 , t)>u(x1 , t),
and given v # ]u(x1 , t), u(x2 , t)[, there exists x # ]x1 , x2 [ such that
u(x , t)=v .
3. L CONTINUOUS DEPENDENCE ON THE INITIAL DATA
We have seen (Theorem 2.2(ii)) that the solution of problem (1.1)(1.2)
depends continuously on the initial value with respect to the L1 norm. This
property is false if we replace L1 by L, as simple examples show.
However, there is continuous dependence in L if the reference solution is
close to a smooth function. To prove this we first need to recall a result
from the theory of generalized characteristics (see [2]).
Theorem 3.1. For any (x, t) # R_R+ , let (v( } ), y( } ))=(v(x, t; } ),
y(x, t; } )) denote the solution of the system
{v$(s)=g(v(s))y$(s)=f $(v(s)) s # [0, t] (3.1)
with terminal condition
{v(t)=u(x, t)y(t)=x. (3.2)
Then
u( y(s), s)=u( y(s)+, s)=v(s) \s # ]0, t[ , (3.3)
u0( y(0))v(0)u0( y(0)+). (3.4)
Furthermore, if x1<x2 , then y(x1 , t; s)<y(x2 , t; s) for any s # ]0, t].
Remark 3.2. The solution of problem (3.1)(3.2) exists in [0, t] by
virtue of estimate (2.3).
Solving (3.1)(3.2) we obtain
{v(x, t; s)=U(u(x, t), s&t),y(x, t; s)=x&F(u(x, t), t&s), s # [0, t],
where we have set
F(v, t)=|
t
0
f $(U(v, &{)) d{. (3.5)
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Then, given t>0 and x2>x1 we have, by Theorem 3.1,
F(u(x2 , t), t)&F(u(x1 , t), t)=x2&y(x2 , t; 0)&x1+y(x1 , t; 0)x2&x1 .
(3.6)
A direct computation (see [13]) yields the following expression for the
derivative of F. If g(v){0
Fv(v, t)=
f $(v)&f $(U(v, &t))
g(v)
. (3.7)
If g(v)=0
Fv(v, t)={
f "(v)
g$(v)
(1&e&g$(v) t) if g$(v){0
(3.8)
f "(v) t if g$(v)=0.
The next result is a generalization of a well known estimate due to
Oleinik (see [12]) in the case when f is uniformly convex and g#0.
Theorem 3.3. For any M>0 there exists an increasing continuous func-
tion |: R+  R+, such that |(0)=0 and with the following property : for
any t>1, x2x1 such that |u(x1 , t)|, |u(x2 , t)|M, we have
u(x2 , t)&u(x1 , t)|(x2&x1).
Proof. It suffices to consider the case u(x2 , t)u(x1 , t). From
(3.7)(3.8) we deduce that F(v, t) is strictly increasing in v and that Fv(v, t)
is nondecreasing with respect to t. Then (3.6) implies, if t1 and x2x1 ,
F(u(x2 , t), 1)&F(u(x1 , t), 1)F(u(x2 , t), t)&F(u(x1 , t), t)x2&x1 .
Let G denote the inverse of F( } , 1) and let |( } ) denote the modulus of
continuity of G in the interval [F(&M, 1), F(M, 1)]. Then we have
u(x2 , t)&u(x1 , t)|(F(u(x2 , t), 1)&F(u(x1 , t), 1))|(x2&x1). K
Theorem 3.4. Suppose that the solution of problem (1.1)(1.2) satisfies
u(x, T )h(x) (resp. u(x, T )h(x)), x # R
for some T>1 and some continuous L-periodic function h: R  R. Then, for
any =>0 there exists $>0 such that, given an initial value w0 # BVL(R) with
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&u0&w0 &L 1([0, L])$, the corresponding solution w of equation (1.1)
satisfies
w(x, T )h(x)+= (resp. w(x, T )h(x)&=), x # R.
Proof. Let M=&h&+=, let |( } ) be the function given by Theorem 3.3
and let |$( } ) be the modulus of continuity of h. We fix d # ]0, L[ such that
|(d )<=3, |$(d )<=3 and define
$=
=d
3ek g T
.
Let w0 satisfy &u0&w0 &L 1([0, L])$ and suppose that w(x, T )>h(x)+= for
some x. We claim that
w(x$, T)h(x)+2=3, x$ # [x&d, x]. (3.9)
Suppose instead that w(x0 , t)<h(x)+2=3 for some x0 # [x&d, x]. Then
we can find, by Proposition 2.3, two values x1 , x2 such that x0<x1<
x2<x and
w(x1 , T )=h(x)+2=3, w(x2 , T )=h(x)+=.
This is excluded by Theorem 3.3 and our choice of d. Therefore (3.9) holds.
We observe that our choice of d also implies that h(x$)<h(x)+=3 for any
x$ # [x&d, x]. Hence,
&w( } , T )&u( } , T )&L 1([0, L])|
x
x&d
|w(x$, T )&u(x$, T )| dx$
|
x
x&d
(w(x$, T )&h(x$)) dx$>d=3=$ekg T,
in contradiction with Theorem 2.2(ii). This proves that w(x, T)h(x)+=
for any x. The proof of the other inequality is analogous. K
Corollary 3.5. Suppose that the solution of problem (1.1)(1.2)
satisfies
&u( } , T )&h( } )&=
for some =>0, T>1 and some continuous L-periodic function h: R  R.
Then there exists $>0 such that, given an initial value w0 # BVL(R) with
&u0&w0 &L 1([0, L])$, the corresponding solution w of equation (1.1)
satisfies
&w( } , T )&h( } )&2=.
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4. INSTABILITY OF TRAVELING WAVES
In this section we study the convergence of the solutions of (1.1) to a
traveling wave, and prove that it is a nongeneric property. We assume, in
addition to (A1)(A3), that g satisfies the following property (see also
Remark 4.5).
(A4). The zeros of g are simple, i.e., g$(v){0 for any v such that
g(v)=0. Moreover there exists Mg>0 such that
vg(v)<0 \v: |v|>Mg . (4.1)
Then we can label the zeros of g in an increasing fashion by v1 , v2 , ..., v2K+1 ,
with g$(vi )<0 if i is odd, g$(vi )>0 if i is even. To any unstable zero v2k we
can associate a family of discontinuous solutions of (1.1) which are traveling
waves with speed f $(v2k). To construct them we first introduce the following
family of smooth traveling waves.
Definition 4.1. Given k # [1, ..., K], let ,2k : R  ]v2k&1 , v2k+1[ be
defined by
|
, 2k(!)
v2k
f $(v)&f $(v2k)
g(v)
dv=!, ! # R. (4.2)
From (A1), (A2) and (A4) it follows that the integrand in (4.2) has a
removable singularity at v=v2k and a nonintegrable singularity at v=v2k&1
and v=v2k+1. In addition it is positive for v # ]v2k&1 ,v2k+1[ "[v2k]. Thus
the function ,2k is well defined, strictly increasing and belongs to
C(R) & C2(R"[0]). Moreover, u(x, t)=,2k(x& f $(v2k) t) is a solution of
equation (1.1) in R_R+. From the convexity of f it is possible to deduce the
following result (see [13, Proposition 4.7]).
Proposition 4.2. For any a<b there exists a unique x # ]a, b[ such that
f (,2k(x &a))&f (,2k(x &b))
,2k(x &a)&,2k(x &b)
=f $(v2k). (4.3)
We recall that any open subset of the real line can be expressed as the dis-
joint union of an at most countable family of open intervals. Such intervals
are uniquely determined up to their order. We say that a set Z/R is L-peri-
odic if x # Z if and only if x+L # Z.
Definition 4.3. Let Z be a closed nonempty L-periodic subset of R, and
let j=1 ]aj , bj [ be the decomposition of its complement Z
c into open
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disjoint intervals. Let x j be the value associated to aj and bj by Proposi-
tion 4.2. Then, for any k=1, ..., K, we define 2k, Z : R  ]v2k&1, v2k+1[ as
follows:
v2k x # Z
2k, Z(x)={,2k(x&aj ) x # ]aj , x j] for some j,2k(x&bj) x # ]x j , bj[ for some j.
If Z=R, then 2k, Z(x)#v2k . Except for this case, the function 2k, Z(x)
oscillates around the value v2k , namely we have 2k, Z>v2k in any interval
of the form ]aj , x j], 2k, Z<v2k in ]x j , bj[ and 2k, Z#v2k in Z. In addi-
tion 2k, Z is discontinuous at x j for any j. It is easily checked that any func-
tion 2k, Z(x&f $(v2k) t) is a solution of equation (1.1) in R_R+. It is peri-
odic both in x and in t, with period L and L | f $(v2k)|&1 respectively. Except
for the case Z=R, it is discontinuous along the half-lines of the form
x=x j+f $(v2k) t.
Following [9] we introduce, for i # [1, ..., 2K+1] and t>0, the sets
Zi (t)=[x # R: u(x+f $(vi) t, t)=vi],
Zi, u0=[x # R: u0(x)viu0(x+)],
Zi, = ,
t>0
Zi (t).
Then we have, by Theorem 3.1,
Zi, u0#Zi (t1)#Zi (t2) for any 0<t1t2 . (4.4)
Moreover, Zi,  is a closed set (see [3, Lemma 3.6], [13, Proposition 2.9]).
The following theorem (see [3, 10, 13]) states that all possible limiting
profiles for the solutions of our problem are given by constant states or by
traveling waves of the form described above.
Theorem 4.4. Let assumptions (A1)(A4) hold. Then there exists
i # [1, ..., 2K+1] such that
(i) for t large enough, the range of u( } , t) lies in a compact subinterval
of ]vi&1 , vi+1 [,
(ii) if i is odd then
lim
t  
&u( } , t)&vi&=0,
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(iii) if i is even then Zi,  is non empty and
lim
t  
&u( } , t)&i, Z( } &f $(vi ) t)&L1([0, L])=0,
with Z=Zi,  .
Remark 4.5. The above theorem can be extended also to the case when
g does not satisfy (A4) (see [13]). One has to define a suitable notion of
stability for the zeros of g which are not simple; furthermore, the values \
have to be added to the possible limits of the solution and play the same role
of the stable zeros of g. Also, the following discussion could be carried out
in this more general context and the main result of this section, Corollary
4.11, would still hold. We prefer however to assume (A4), because the main
ideas are more transparent under this hypothesis.
We introduce a notation for the basins of attraction of the zeros of g.
Definition 4.6. For any i # [1, 2, ..., 2K+1], define
Si=[u0 # BVL(R): &u( } , t)&vi&  0]
if i is odd, and
Si=[u0 # BVL(R) : &u( } , t)&i, Z( } &f $(vi)t)&L1([0, L])  0]
for some traveling wave i, Z , if i is even.
In the following we prove that the sets Si are open if i is odd and have
empty interior if i is even. The first property is a direct consequence of
Theorem 3.4 and of the comparison principle.
Theorem 4.7. If i is odd the set Si is open with respect to the L1 topology.
Proof. Let u0 belong to Si . We fix =>0 such that the interval [vi&2=,
vi+2=] does not contain zeros of g different from vi . Then there exists T>1
such that &u( } , T)&vi&<=. By Corollary 3.5 there exists $>0 such that,
if &u0&w0&L 1([0, L])$ then the solution w of (1.1) with initial value w0
satisfies &w( } , t)&vi&<2=. By estimate (2.4) we deduce
U(vi&2=, t&T)w(x, t)U(vi+2=, t&T), x # R, tT.
Since vi is a stable zero, we conclude that w converges to vi . Thus Si is
open. K
To treat the case of i even we need the following result, showing that two dis-
tinct traveling waves associated with the same unstable zero cannot be ordered.
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Proposition 4.8. Let F, G be two nonempty closed L-periodic sets and
let vi be an unstable zero of g. If i, F (x)i, G (x) for any x # R then
F=G.
Proof. Let us write for simplicity
1=i, F , 2=i, G , v =vi .
We argue by contradiction. Suppose for instance that there exists
x* # G"F (the other case is similar). By definition of 1 and 2 we have
1(x*){v , 2(x*)=v . Since we assume 12 we have 1(x*)<v . Let
]a, b[ be the component of F c containing x*, and let x be the value
associated to this interval by Proposition 4.2. Then, by definition of 1 , we
have x* # ]x , b[ . Since 2(x )1(x )>v , we also have x # Gc. Let ]a$, b$[
be the component of Gc containing x , and let x $ be the value associated to
this interval by Proposition 4.2. Then, since 2(x )>v and x* # G we have
x x $<b$x*. Moreover, ,i (x &a$)=2(x )1(x )=,i (x &a), and thus
a$a. It follows
,i (x $&a$),i (x &a), ,i (x $&b$),i (x $&x*)>,i (x &b).
On the other hand, by the definition of x , x $,
f (,i (x $&a$))&f (,i (x $&b$))
,i (x $&a$)&,i (x $&b$)
=
f (,i (x &a))&f (,i (x &b))
,i (x &a)&,i (x &b)
=f $(v ).
This is a contradiction, since the function
(u, v) 
f (u)&f (v)
u&v
is strictly increasing in both arguments by the convexity of f. K
The following result states, roughly speaking, that the oscillations
around vi of the asymptotic profile of the solution are controlled by the
oscillations of the initial value. Observe that such a result is essentially a
corollary of Theorem 3.1.
Proposition 4.9. If the solution of (1.1)(1.2) tends to the traveling
wave i, Z , then Z/Zi, u0 .
Proof. We have Z=Zi,  by Theorem 4.4 and Zi, /Zi, u0 by (4.4). K
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We can now prove the instability result for traveling waves.
Theorem 4.10. Let u0 belong to Si with i even. Then, for any =>0
there exist w0 # Si&1 , w 0 # Si+1 such that &u0&w0 &L1([0, L])<=,
&u0&w 0 &L 1([0, L])<=.
Proof. From Theorem 4.4(i) and estimate (2.4) we deduce, as in the
proof of Theorem 4.7, that u0 has an L1-neighbourhood contained in
Si&1 _ Si _ Si+1. Let i, Z be the asymptotic profile of the solution of (1.1)
with initial data u0 . We fix any point y # Z and take a function
w0 # BVL(R) with the following properties:
w0u0 ; (4.5)
&u0&w0&L 1([0, L])<=; (4.6)
w0( y+)<vi . (4.7)
For instance if we set
w0(x)={min[u0(x), vi&’]u0(x)
x # ] y, y+’]
x # [0, L]" ] y, y+’]
with ’ suitably small, the three above properties are satisfied. We claim
that w0 # Si&1. In fact, by (4.5) w0 cannot belong to Si+1. Let us suppose
that w0 # Si and let i, F be the asymptotic profile of the solution of (1.1)
with initial data w0 . Then, by (4.5) we have i, Fi, Z . This implies
F=Z, by Proposition 4.8, and so y # F. From Proposition 4.9 we deduce
that y # Zi, w0 . But this contradicts property (4.7). It follows that w0 # Si&1 .
The construction of w 0 is analogous. K
Corollary 4.11. There exists an open dense set S/BVL(R) (with
respect to the L1 topology) such that, if u0 # S, then the solution of problem
(1.1)(1.2) converges uniformly to a stable zero of g.
Proof. Theorem 4.7 shows that
S= .
K
k=0
S2k+1
is open in the L1 topology while Theorem 4.10 shows that the complement
of S has empty interior. K
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Example. Let # : [a, b]  BVL(R) satisfy the following properties:
(i) # is continuous from [a, b] to L1([0, L]);
(ii) if _{ then #(_)(x)#({)(x) for any x # [0, L];
(iii) for any i # [1, ..., 2K+1], we have Zi, #(_) & Zi, #({)=< if _{{;
(iv) #(a)(x)&Mg , #(b)(x)Mg for any x # [0, L], where Mg is
the constant which appears in (A4).
For instance, if we set
#(_)(x)=u0(x)+_ _ # [&&u0 &&Mg , &u0 &+Mg],
with u0 a given continuous L-periodic function, the above properties are
satisfied. Now define, for i # [1, ..., 2K+1],
7i=[_ # [a, b]: #(_) # Si].
Then we can give a precise description of the sets 7i . First of all, from
Theorem 2.2(i) and property (ii) we deduce that the sets 7i are intervals,
and that _i<_j for any _i # 7i , _j # 7j with i< j. Property (iv) together
with (2.3) implies that a # 71 , b # 72K+1. Moreover, by property (i) and
Theorem 4.7 we obtain that the intervals 7i with i odd are open (in the
topology of [a, b]). On the other hand, the intervals 7i with i even contain
at most one point; this follows from properties (ii) and (iii) arguing as in
the proof of Theorem 4.10. These properties together imply that the sets 7i
are nonempty intervals, which are open if i is odd, and consist of a single
point if i is even. Thus, for any k=1, ..., K, there exists exactly one value
_k # ]a, b[ such that the solution of (1.1) with initial value #(_k) tends to
a traveling wave associated to v2k .
5. RATE OF CONVERGENCE
In this section we analyze the rate of convergence of the solutions of
(1.1) to their asymptotic profile. We first consider the case when there is
convergence to a stable zero of g. Then the convergence has an exponential
rate, as a consequence of the comparison theorem and of the analogous
property for ordinary differential equations.
Theorem 5.1. Assume properties (A1) to (A4). Suppose that the solution
of problem (1.1)(1.2) converges uniformly to the stable zero vi as t  .
Then, for any : # ]0, &g$(vi )[ , we have
&u( } , t)&vi&=o(e&:t). (5.1)
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Proof. Let us fix d>0 such that the interval [vi&d, vi+d] does not
contain zeros of g different from vi . By hypothesis, if T is large enough, we
have &u( } , T)&vi&d. Then, estimate (2.4) implies
U(vi&d, t&T )u(x, t)U(vi+d, t&T )
for any x # R, tT. Since vi is a stable zero, we have |U(vi\d, t)&vi |=
o(e&:t) for any : # ]0, &g$(vi )[ , and we obtain (5.1). K
The situation is completely different when there is convergence to a
traveling wave. Then the rate of convergence can be arbitrarily slow, as
stated in the next theorem.
Theorem 5.2. Assume properties (A1) to (A4), and let vi be an unstable
zero of g. Let Z/R be a nonempty closed L-periodic set, Z{R and let
\: R+  R+ be any strictly decreasing function such that \(t)  0 as t  .
Then there exists an initial value u0 such that the corresponding solution of
(1.1) converges to the traveling wave i, Z(x&f $(vi ) t) and satisfies
&u( } , t)&i, Z( }&f $(vi ) t)&L1([0, L])\(t) (5.2)
for t large enough.
Proof. We assume, without loss of generality, that vi=0 and that
f $(0)=0. Furthermore, it is enough to consider the case when Z=[ jL : j
integer], and thus Zc=j=& ] jL, ( j+1)L[. In fact, in the general case
Zc= ]aj , bj [ we can repeat in each interval ]aj , bj [ the construction
which we now perform in ]0, L[.
To simplify notations we set vi&1=v& , vi+1=v+, ,i=,, i, Z=. In
the sequel we tacitly assume that what we define in the interval [0, L] has
to be repeated with L-periodicity on the whole line. According to the
definitions of Section 4 we find that ,: R  ]v& , v+ [ is defined by
|
,(!)
0
f $(v)
g(v)
dv=!, ! # R. (5.3)
and that  is given by
(x)={,(x),(x&L)
x # [0, x ]
x # ]x , L],
where x # ]0, L[ is the unique value such that
f (,(x ))&f (,(x &L))
,(x )&,(x &L)
=0.
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It is not restrictive to assume
\(t)e&g$(0) t2 (5.4)
and that \(t)   as t  0. Since \ is strictly monotone, its inverse
\&1 : R+  R+ is well defined. Let us define +=min[v+ , &v&] and
h(x)={0+e&2g$(0) \&1 (x 2)
x=0
x>0.
Then h is continuous and strictly increasing. In addition, the slower \(t)
tends to 0 as t  , the faster h(x) tends to zero as x  0+. This property
is crucial in our construction.
We now define, for r # [0, L],
ur0(x)={h(x)&h(L&x)
x # [0, r]
x # ]r, L],
We denote by ur the solution of (1.1) with initial value ur0 . Observe, that
the set Zi , u r0 coincides with Z if r{0, L, and is empty otherwise.
Moreover, by estimate (2.3), the range of any solution ur is contained in
[v& , v+]. Thus, by Theorem 4.4 and Proposition 4.9 such solutions con-
verge either to v&, or to v+, or to the standing wave . In addition u0
(resp. uL) converges to v& (resp. v+). The sets [r # [0, L]: ur  v&] and
[r # [0, L]: ur  v+] are both open, by Theorem 4.7, and are nonempty.
Thus, there exists at least one value r # ]0, L[ such that ur converges to .
Let us set for simplicity u 0=ur0 , u =u
r . We claim that u 0 has the desired
property.
We first look at the structure of the solution u . The initial value u 0 has
a downward jump at the points of the form r +jL, with j integer, while it
is smooth and increasing in the intervals of the form ]r +jL, r +( j+1)L[.
Therefore, a shock curve starts from any point (x, t)=(r +jL, 0) with j
integer. In the complement of such curves the solution is smooth and can
be reconstructed by the classical method of the characteristics. Let us call
/ the shock curve starting at (r , 0). Since Zi, =Z, we have
u (0, t)=u (L, t)=0, t0.
Thus / is confined in the strip 0<x<L. Furthermore (see [3, 10, 13]) as
t   we have /(t)  x and
u (x, t)={,(x)+o(1),(x&L)+o(1)
x # [0, /(t)]
x # ]/(t), L].
(5.5)
Now let us fix x1 , x2 with 0<x1<x2<x . Our aim is to show that, for
x # [x1 , x2], u (x, t)&,(x) tends to zero slower than \(t) as t  . For t
large enough, we have /(t)>x2 . We define, for x # [x1 , x2] and t large,
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’(x, t) to be the point where the backward characteristic from (x, t) hits
the x-axis. This point lies in ]0, r [. Integrating the characteristic system
(3.1) we obtain
u (x, t)=U(u 0(’(x, t)), t)=U(h(’(x, t)), t), (5.6)
x&’(x, t)=|
t
0
f $(U(u (x, t), s&t)) ds=|
u (x, t)
U(u (x, t), &t)
f $(v)
g(v)
dv (5.7)
By (5.5), there exists some compact interval of [v$, v"]/]0, v+[ , such
that
u (x, t) # [v$, v"] \x # [x1 , x2], t>>0. (5.8)
Then, for x # [x1 , x2] and t>>0 we also have
h(’(x, t))=U(u (x, t), &t) # [+e&2g$(0) t, e&g$(0)t2]. (5.9)
Since
h&1(v)=\\ \&log(+
&1v)
2g$(0) ++
12
,
we obtain
’(x, t)=h&1(U(u (x, t), &t))h&1(+e&2g$(0) t)=(\(t))12. (5.10)
On the other hand, by (5.7) and (5.3),
|
,(x)
u (x, t)
f $(v)
g(v)
dv=|
,(x)
0
f $(v)
g(v)
dv&|
u (x, t)
U(u (x, t), &t)
f $(v)
g(v)
dv&|
U(u (x, t), &t)
0
f $(v)
g(v)
dv
=’(x, t)&|
U(u (x, t), &t)
0
f $(v)
g(v)
dv. (5.11)
Let us take M>0 such that
f $(v)
g(v)
<M, \v # [0, max[,(x2), v"]].
Then, by (5.8), (5.11), (5.10), (5.9) and (5.4),
|,(x)&u (x, t)|
1
M } |
,(x)
u (x, t)
f $(v)
g(v)
dv }
M&1[’(x, t)&MU(u (x, t), &t)]
M&1( \(t))12&e&g$(0) t2
M&1(\(t))12&\(t)
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for any x # [x1 , x2] and t>>0. It follows
&u ( } , t)&&L 1([0, L])|
x 2
x1
|u (x, t)&,(x)| dx
|x2&x1 |(M&1(\(t))12&\(t)).
Since \(t)  0 as t  , the right-hand side is eventually larger than
\(t). K
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